We explore identical Rössler systems organized into two equally-sized groups, among which differing positive and negative in-and out-coupling strengths are allowed. Patterns of distinctly synchronized phase dynamics are observed, which coexist with chaotically evolving amplitudes. In particular, we report the emergence of traveling phase waves, i.e. states in which the oscillators settle on a new rhythm different from their own. We further elucidate our findings through phasecoupled Rössler systems, establishing a connection with the Kuramoto model. Together with the study of noise effects, our results suggest a promising new avenue towards the coexistence of chaotic, noisy and regular collective dynamics.
In this Letter we show that even more subtle collective rhythms are possible among chaotic oscillators. It is demonstrated that mixed attractive-repulsive couplings among identical chaotic oscillators yield traveling phase waves (TW) and π-states. In the former the oscillators agree on a new rhythm different from their own, i.e. the locking frequency does not equal the natural frequency, while in the π-state the oscillators split into two clusters separated by a phase lag of π. In all these states the oscillators remain chaotic and uncorrelated in their amplitudes.
The existence of TWs has remained unnoticed in the phase synchronization of chaotic systems. Our work provides a significant broadening for the emergence of those collective phenomena, encompassing chaotic oscillatory behavior with coupled phase-amplitude dynamics. In particular, we investigate two different formulations for the coupling setup between the oscillators. Firstly, in the weighted x-coupled model, we consider Rössler oscillators [3] with funnel and phase-coherent attractors coupled through the x coordinate. In this case, besides the occurrence of π-states, a novel dynamical state is reported. Namely, in contrast to oscillatory systems [4] [5] [6] , it is found that a noticeable spontaneous drift in the frequencies occurs only when the system is in the incoherent state. These properties define the incoherent TW state. Secondly, in the phase-coupled model, oscillators operat- [7] for the animated version of the figure and additional videos on other collective states.
ing in the phase-coherent regime interact purely through the sine of the difference of their phases. Even though the phase angles depend on the chaotic amplitudes, our findings bridge the gap to the paradigmatic Kuramoto model, providing at the same time a rounded picture on the emergence of traveling phase waves.
Rössler systems with diffusive coupling.-Let us consider first a coupling setup where the oscillators interact through the x coordinate via a weighted network [8, 9] defined by the matrix W = [w ij ] as followṡ
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The phases can be defined as φ
where the integral is taken in the sense of the Cauchy principal value [10] . The terms ξ i (t) correspond to time-dependent disorder modeled as Gaussian white noise satisfying ξ i (t) = 0, ξ i (t)ξ j (t) = 2Dδ ij δ(t − t ), where D is the noise strength.
The coupling between the oscillators is mediated through the weights w ij , which are henceforth given by
In effect, to each oscillator a pair of couplings (K i , G i ) is associated. Coupling strength K i is responsible for how strongly node i responds to the interaction with the rest of the population, whereas G i accounts for how strongly it influences the dynamics of other oscillators. Furthermore, in this formulation, the coupling scheme in Eq. 1 can be seen as a linear diffusive process between different groups with negligible spatially embedding effects [8, 9] Heterogeneity in the interaction patterns is introduced by dividing the population of N oscillators into two equally-sized subpopulations, denoted by labels "1" and "2", and characterized by two pairs of couplings (K 1 , G 1 ) and (K 2 , G 2 ). All these constants are allowed to be positive or negative. Henceforth, we adopt the parametrization
where K 0 , G 0 are the average in-and out-coupling and ∆K, ∆G the respective mismatches. Furthermore, we speak of mixed interactions, if both positive and negative couplings are present, i.e., always when the condition
Having defined the phases, the level of phase synchronization is measured by the order parameter r =
, where | · | is the absolute value and · · · t denotes temporal average. Organising the index labelling such that j ∈ {1, ..., N/2} refers to oscillators belonging to subpopulation 1 and j ∈ {N/2 + 1, ..., N } to subpopulation 2, it is also convenient to calculate the coherence within each group as , with Θ 1,2 (t) being the corresponding mean phases. The phase lag δ(t) is then defined as the difference between the mean phases δ(t) = |Θ 1 (t) − Θ 2 (t)|. Moreover, we calculate the wave speed as
In terms of the collective variables the dynamical states are expressed as follows: (i) In the incoherent state, oscillators of both populations rotate independently so that Fig. 1(b) , where the centroids of the two clusters are separated by a phase-lag δ < π. We shall see that the TW states are manifested in particular distinctive ways depending on the coupling model.
Before we systematically investigate the dynamical states exhibited by model (1), we should remark on the possibility of facing trajectories that escape the attractor after a period of transient chaos. Divergent trajectories arise due to the dissipative character of the Rössler dynamics and are in general related to the conversion of a chaotic attractor into a nonattracting chaotic invariant set [11] . In order to show how this is manifested in weighted x-coupled Rössler oscillators in the absence of noise, Fig. 2 depicts a where trajectories that diverge to infinity are possible. As it is seen, for large values of |G 0 K 0 |, divergences from the attractor are inevitable, but still a wide region with non-divergent orbits is observed. Noteworthy, the collective escapes are induced by the coupling, since isolated oscillators do not escape for the parameters considered here as shown in [11] .
Taking Fig. 2 as a guide so that the parameters are chosen in a region free from escaping trajectories, in Fig. 3 we show the dependence of r, Ω and δ as a function of the mean in-and out-couplings K 0 and G 0 , considering oscillators with phase-coherent ((a, b, c) = (0.15, 0.2, 10) and funnel attractors ((a, b, c) = (0.2, 0.2, 7)). Making use of the symmetry of the maps with respect the main diagonal, the results concerning the phase-coherent case are depicted in the upper triangles, whereas results regarding oscillators with funnel attractors are shown in the lower one. For all simulations regarding system Eq. 1, the long time behavior of these quantities is calculated by averaging data between t ∈ [4700, 5000]. One notices the formation of a π-state in the region with r 0 (Fig. 3(a) ) and δ π (Fig. 3(b) ) which is surrounded by areas of partial synchronization with 0 < δ < π for both types of attractor, yet less prominent for funnel (notice that δ assumes random values in the incoherent region). Interestingly, in the dynamics of phase oscillators under attractive and repulsive interactions, one would expect the emergence of a collective rhythm different from the natural frequency in the lag-sync region [4] [5] [6] . Differently, weighted x-coupled Rössler oscillators subjected to weak noise intensities present Ω ω 0 for 0 ≤ δ ≤ π. On the other hand, for large negative values of K 0 G 0 , significant values of Ω = ω 0 are observed in the incoherent region, as shown in Fig. 3(c) . Correspondingly, we refer to this regime as incoherent TW.
Comparing Fig. 2 and Fig. 3(c) we see that |Ω − ω 0 | increases as one approaches the boundaries of the escaping region, predicting in a way the occurrence of divergent trajectories. We stress though that this behavior is not a result due to fluctuations, but an emergent phenomenon that is yielded by the repulsive couplings considered in Eq. 1. Evidences of that can already be seen in Fig. 3 . Note that deviations from the natural frequency ω 0 are restricted to TW areas, while the π-and partial synchronized states are marked by an insignificant drift in the average frequency. In [7] we further show that even without coupling mismatches in system (1), incoherent TWs emerge for large negative values of K 0 G 0 .
An evaluation of how noise impacts the formation of TW and π-states is shown in Fig. 3(d) considering phasecoherent oscillators. Of particular interest is the nonmonotonic dependence on the noise strength by the π-state area, which, after a minimum, increases until the escaping region is reached. On the other hand, large noise completely extinguishes the TW area. Similar results are found for oscillators with funnel attractors (not shown).
It is well-known that phase synchronization of weakly chaotic oscillators exhibits similar properties as in the dynamics of phase oscillators [1, 2] . However, despite the striking contrast between the nature of the TW states observed in these systems, it is indeed possible to quantitatively describe certain aspects of the dynamics of chaotic oscillators with theories developed in the context of pure phase oscillators. In [6] it is shown that the incoherent state (r = 0) loses its stability if 2D = KG is satisfied, where ... = dK dG ...P (K , G ) with P (K , G ) being the joint probability distribution of inand out-couplings. Applying this condition in the weak noise case and considering the effective noise strength
, we see that the result uncovered for the Kuramoto model predicts with great accuracy the boundaries of incoherent states, reinforcing the idea that in regimes of weak noise and coupling the dynamics of chaotic oscillators is akin to periodic oscillators even though the amplitudes evolve chaotically and generally uncorrelated.
Another critical condition is found by noticing that at the π-state area.
Phase-coupled Rössler systems.-The levels of synchronization uncovered in the weighted x-coupled model share great similarity with the ones found in ensembles of phase oscillators subjected to attractive and repulsive couplings [4] [5] [6] . However, careful inspection of the collective frequency diagrams (Fig. 3(c) ) reveals that the dynamical states in these systems are in fact different. Precisely, TWs among weighted x-coupled chaotic oscillators are only manifested in the absence of coherent oscillations, while partial synchronization is crucial for the emergence of such states in coupled phase oscillators. This poses the question of whether incoherent TWs are induced by the intrinsic chaotic dynamics or by the particular type of coupling adopted in Eq. 1.
To shed light on this, we consider now a system of N Rössler systems with Kuramoto phase-couplings [13] . In the phase-coherent regime it is valid to separate the original system into phase and amplitude dynamics. For this purpose, one goes to cylindrical coordinates (ρ, φ, z) via
x(t) = ρ(t) cos φ(t) and y(t) = ρ(t) sin φ(t).
This results inρ = aρ sin 2 φ − z cos φ,φ = ω + a sin φ cos φ + z/ρ sin φ,ż = b + ρz cos φ − cz. We then formulate the phase-coupled model aṡ
i = 1, ..., N . We consider here a = 0.15, b = 0.2 and c = 10 so that the oscillators are in the phase-coherent regime. The parametrization of the coupling strengths is again adopted as in Eq. 2. We continue our analysis by getting a general view of the possible dynamical states of system (4). In order to do so, Fig. 4 shows the simulation results of the total order parameter r, phase lag δ between the two populations and the wave speed Ω, which are now calculated with respect to the phases defined in Eq. 4. For each of the 70 × 70 points in the grid, system (4) is numerically integrated by using the Heun's scheme with time step dt = 0.05 and considering a population of N = 10 Motivated by the findings in [6] , we depict the two TW regions with distinct labels (TW1 and TW2) in order to highlight the different routes to these states. Specifically, TW1 is immersed in π-state region, whereas TW2 is surrounded by zero-lag sync (see also Fig. S2 in [7] ). Furthermore, it is interesting to note that, in contrast to the weighted x-coupled model, TWs are not observed in the presence of incoherence if the oscillators are coupled through the phases. Another difference between the coupling models is the fact that the areas of the π-state behave in a slightly different manner as a function of the noise strength D (compare panels (d) of Fig. 3 and 4) .
Conclusion.-The coexistence of chaotic, noisy and regular collective dynamics can be observed in many realworld systems [14] . Here we provided the first evidences that TWs, i.e states in which a new rhythm among the oscillators different from the natural frequency emerges, are also attainable in the phase synchronization of chaotic Rössler oscillators. Two coupling formulations were analyzed. In the first, oscillators are connected via weighted linear coupling in the x coordinates. Such interaction was shown to give rise to the novel state of incoherent TWs characterized by the appearance of new rhythm of oscillation in the absence of global synchronization. This suggests to employ the detection of additional frequency drifts to unveil new collective states in more general coupling schemes'. Considering Kuramoto phase couplings, TWs are no longer found together with incoherence, but rather only in regions with 0 < δ < π, consisting in the identical routes to such states as found in [6] , despite the existence of chaotic amplitude dynamics.
Our findings are of great general interest, because on the one hand, they reinforce the potential that phase models possess in describing the dynamics of higher dimensional systems, but on the other hand also highlights its limitations regarding other kinds of couplings, such as in the prediction of incoherent TWs. It remains as a future research to thoroughly determine the boundaries of the escaping region in Fig. 2 as well as the investigation of whether other chaotic systems also exhibit similar dynamical patterns as the ones described here. Likewise promising is the investigation of multistable chimeralike states [15] In the main text, it was shown that incoherent TWs emerge for large negative values of K 0 G 0 in the presence of in-and out-coupling mismatches. However, this poses the question about whether such states are also attainable in the absence of coupling mismatches between the oscillators. Figure S1 shows the order parameter r and the drift in Note that here only a single coupling strength exists, namely K 0 G 0 . However, in order to better compare with the main text, we show the results in the G 0 × K 0 plane. Figure S2 shows zoomed colormaps around the TW regions of Fig. 4 in the main text related to the phase-coupled model (Eq. 5 of the main text). We distinguish the TW states in panels (a) and (b) by TW1 and TW2, respectively, in order to highlight the different routes leading to each state. Precisely, the TW1 state corresponds to the TW state surrounded by the region π-state (Fig. S2 (a) ), whereas TW2 stands for the TW state reached via the zero-lag state (Fig. S2 (b) ). We recall that the emergence of TW and π-states as observed in 
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